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Abstract: We present a unifying theme relating BPS partition functions and su-
perconformal indices. In the case with complex SUSY central charges (as in N = 2
in d = 4 and N = (2, 2) in d = 2) the known results can be reinterpreted as the
statement that the BPS partition functions can be used to compute a specialization
of the superconformal indices. We argue that in the case with real central charge
in the supersymmetry algebra, as in N = 1 in d = 5 (or the N = 2 in d = 3) the
BPS degeneracy captures the full superconformal index. Furthermore, we argue that
refined topological strings, which captures 5d BPS degeneracies of M-theory on CY
3-folds, can be used to compute 5d supersymmetric index including in the sectors
with 3d defects for a large class of 5d superconformal theories. Moreover, we provide
evidence that distinct Calabi-Yau singularities which are expected to lead to the
same SCFT yield the same index.
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1 Introduction
Supersymmetric BPS states have played an important role in many aspects of string
theory. Their mass is typically protected by SUSY and provides a tool to analyze
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various limits of string theory. On the other hand superconformal theories have also
figured prominently in many developments of string theory. As we deform conformal
theory away from the conformal point, BPS states arise in the resulting theory. It is
natural to ask what is the relation between BPS states that appear and the properties
of the superconformal theory they come from. In fact there is evidence that the BPS
spectrum away from the conformal point is faithful, and the superconformal theories
are entirely captured by the BPS spectrum. In particular, we do not have a single
example of two distinct superconformal theories which give the same BPS spectrum
upon deformation. Of course, not arbitrary BPS spectrum gives rise to a consistent
theory, and consistency conditions on what the allowed BPS states can be, has been
proposed as a way to classify conformal theories for N = (2, 2) in d = 2 [1] and
N = 2 in d = 4 [2, 3] . If this is the case, it should be possible to recover all the data
at the conformal fixed point solely from the BPS data. In particular it is natural to
ask if the superconformal partition functions such as supersymmetric indices [4–6]
are reproducible from the BPS spectrum.
The most natural idea would be to treat BPS states as if they are the elementary
building blocks of the theory and use them to compute the superconformal partition
functions. However the story is not always so simple. For example for theories with
complex central charge, the BPS spectrum has different chambers separated by walls.
Nevertheless, as we will review (and partially reinterpret), it is known that at least
in the cases of d = 2 with N = (2, 2) [2] and d = 4 with N = 2 [7] a specialization
of the superconformal index can be recovered from BPS spectrum in any chamber.
We will provide evidence that the situation is similar but more powerful in the
case of theories in d = 3, 5 dimensions with Coulomb branch, with N = 2, 1 super-
symmetries respectively. Both of these cases involve a real central charge. In these
cases we propose that one can recover the full superconformal index solely from the
BPS data in a Coulomb branch of the theory. In the case of d = 3 we reinterpret the
computations already done as computing contributions from BPS states. The main
new case involves the superconformal index in d = 5.
The basic class of examples we consider is obtained from M-theory on Calabi-Yau
threefolds leading to N = 2 theories in d = 5 dimensions. It is known that for these
cases the topological string captures the BPS degeneracies (corresponding to M2
branes wrapping 2-cycles) [8, 9]. In addition one can introduce M5 branes wrapping
Lagrangian submanifolds of Calabi-Yau. These lead to 3 dimensional defects in the
5d theory. Furthermore it is known that open topological strings captures the open
– 2 –
BPS state degeneracy for these sectors corresponding to M2 branes ending on M5
branes [10, 11]. We will argue that superconformal index, i.e. the partition function
on S1 × S4 where the 3d defects wrap S1 × S2 where S2 ⊂ S4, can be computed
simply by considering ∫
dQi
Qi
dUj
Uj
∣∣Ztop(Qi, Uj , Q˜k; q1, q2)∣∣2 ,
where Ztop is the refined open and closed topological string amplitudes, Qi correspond
to the Wilson line associated with nomalizable Ka¨hler moduli of Calabi-Yau, Q˜k
is the non-normalizable Ka¨hler moduli, which correspond to mass parameters, Uj
correspond to the Wilson lines for the Lagrangian branes and (q1, q2) are the two
coupling constants of the refined topological string. Here complex conjugation sends1
(Qi, Uj , Q˜k; q1, q2) → (Q−1i , U−1j , Q˜−1k ; q−11 , q−12 ). Furthermore this computation can
be viewed as computing the scattering amplitudes of a string theory in 4 dimensions
proposed recently [12].
A unifying theme seems to emerge about the connection of BPS states to the
index, which can be summarized roughly as follows: We order the BPS states ac-
cording to the phase of their BPS central charge. In the case of real central charge
this simply means dividing the BPS states to CTP conjugate pairs where one half
of the states are on right and the other on the left of the real line. In the case of
complex central charge this means organizing the states on a circle according to the
phase of the central charge where CTP conjugate pairs are diametrically opposite.
Whether it is real or complex central charge we can consider a ‘partition function’ of
the BPS states where each BPS state i is represented by an operator Φi and we take
the product over all the BPS states. The operator acts on a different Hilbert space
depending on the dimension and the theory in question: In the 2d case it involves
the space of massive vacua, in the 3d and 5d cases it is the space of flat connections
on S1 for the corresponding abelian gauge groups, and in the 4d case it is the Hilbert
space of a U(1) Chern-Simons theory on the Seiberg-Witten curve.
In the complex central charge case Φi do not commute and we have to order
them according to the phase of the central charge in the SUSY algebra. In the real
central charge case they commute. Moreover knowing the contribution for half the
1As we will discuss later, for the defect sector we can turn on monopole flux which would
correspond to allowing Uj to be complex.
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states is sufficient, because the CTP conjugate case can be obtained from them. Let
S =
∏
i
Φi
denote the (ordered) product over the BPS states whose phase is on one side. The
full partition over BPS states will take the form
M = SS−t. (1.1)
Then the statement is that
Tr M = Z(S1 × Sd−1) (1.2)
for suitably defined partition function Z of the theory on S1 × Sd−1 . For d = 3, 5
this gives the full index and for d = 2, 4 this gives a specialization of the index.
The intuitive idea for why such a picture holds may be that we can view operators
at the conformal fixed point as being made of the composite of operators which create
BPS states. In some cases where there is a weak coupling description of the theory,
as in d = 3 gauge theories, this picture can be fully justified.
The fact that we propose that the superconformal index in 5 dimensions can be
computed only from the knowledge of BPS particles is surprising in the following
sense: These theories also have BPS strings. If we go to the conformal point, we will
have a system of interacting massless particles and tensionless strings. Upon going
to the Coulomb branch the particles pick up mass and tensionless strings pick up
tension. Moreover the mass scale for both the interacting strings and the particles
are the same [13]. What is surprising is that nevertheless the knowledge of only
BPS particles is enough to recapture the full superconformal index in 5 dimensions.
Perhaps this can be explained by the fact that S1 × S4 has no 2-cycles for the
worldsheet of BPS strings to wrap around and the properties of the BPS strings are
secretly encoded by the particle states, as far as the index is concerned.
The organization of this paper is as follows. In section 2 we discuss the relation
between superconformal indices and BPS states in two and the four dimensional
theories with complex central charges. In section 3 we discuss the three and five di-
mensional gauge theories with real cental charges, superconformal indices and their
relation with BPS states including coupling to the 3d defects. In section 4 we re-
view the refinement of topological strings and how the refined amplitudes can be
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calculated. In section 6 we give some examples of index computations for certain 5D
theories coming from local CY threefolds including in the presence of 3d defects. In
section 7 we present our conclusions.
2 BPS states and theories with complex central charge in
d = 2, 4
In this section we review (and partially reinterpret) what is known for the relation
between BPS states and superconformal partition functions in the case of N = (2, 2)
theories in d = 2 and N = 2 theories in d = 4.
2.1 (2, 2) theories in d = 2
Consider an N = (2, 2) conformal theory in d = 2. In this context we can define a
superconformal index (which is an elliptic genus) [14] given by the following trace in
the Ramond sector:
Z(q, z) = Tr(−1)F zJLqHLqHR
where JL is the left-moving U(1)R charge and F = FL−FR, FL,R being the fermion
numbers of the left and the right movers. Since the Ramond sector is supersymmetric,
by SUSY argument as in the Witten index, the above index only depends on q, z
and is independent of moduli of conformal theory. It receives contributions from all
the states which are ground states of the HR and it is an arbitrary eigenstate of HL.
Note that in the limit q → 0 this receives contribution only from the ground state
HL = HR = 0. In this case Z(0, z) simply computes the partition function of the
ground states in the Ramond sector weighted by their R-charge JL.
We will consider a subset of N = (2, 2) theories which admit deformations which
flow in the IR to a trivial theory. For this to be possible in particular JL − JR ∈ Z
and the ground states have equal JL, JR charges. The index of such theories, which
is also equal to the number of distinct vacua upon mass deformations is N = Z(0, 1).
For special values of z, the index simplifies and becomes q-independent: Let
z = exp(2πik)
note that since JL is not necessarily an integer, putting z = exp(2πik) is not the
same as z = 1. Moreover in this limit the left-moving supercharges also commute
with the elements in the trace and the partition function is q independent, and in
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particular can be evaluated by taking the q → 0 limit:
Z(q, exp(2πik)) = Z(0, exp(2πik)) = Zk
In particular as shown in [15] using spectral flow, Zk counts the index of the theory
relative to (G+k , G
+
0 ), where (G,G) refer to (left,right)-moving supercharges in the
Ramond sector.
This theory will have BPS kinks connecting the various vacua. The number of
kinks depends on how we deform the superconformal theory to the massive ones,
and there are domain walls in parameter space where the BPS degeneracies change
[16]. Let mij be the number of kinks connecting the i-th vacuum to the j-th one,
taking into account the (−1)F acting on the lowest state of the multiplet. BPS
kinks come with complex central charges. Order the vacua such that the phase of
the corresponding central charges Zi,i+1 goes counter-clockwise as we increase i. In
this basis let A be the upper triangular matrix given by Aij = mij for each i < j.
Consider the matrix
S = 1−A
and furthermore construct the matrix
M = SS−t = (1− A) · 1
1− At (2.1)
where S−t is the inverse transpose of S. Since A is upper triangular we have
S−t = 1 + At + A2t + ...+ A(N−1)t .
Wall crossing formula for the BPS states [16] imply that the eigenvalues ofM do not
depend on which chamber we compute it in (even though S does change). So it is
purely a property of the conformal fixed point. Moreover, using tt∗ equations [17] it
was shown in [1] that2
TrMk = TrH=0 exp(2πikJL) (2.2)
= Zk .
Moreover this was used as a starting point of a program to classify N = (2, 2) theories
in d = 2. For a recent discussion of the meaning of this relation see [18].
2Furthermore it was shown how this can be refined to compute the Z(0, z) for arbitrary z.
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An Example: As an example consider the case of LG theory with superpotential
W = 13x
3 for which a conformal fixed point is expected [19, 20]. The spectrum of
the R-charges at the conformal point is ±16 . The chiral ring consists of {1, x} and
when the theory is deformed so that the superpotential becomes W = 13x
3 − a x we
get two vacua for x± = ±
√
a. There is a single BPS kink connecting them therefore
S =
(
1 −1
0 1
)
.
W (
√
a) W (−
√
a)
M = SS−t has two eigenvalues exp(±2πi6 ) which agrees with the spectrum of the
R-charges of the theory at the conformal point.
It is interesting to note that Eq.(2.1) has the structure of the partition function
of fermions and bosons. It is as if we are constructing composite operators from the
fields creating the kinks. Moreover consider the kink operators placed on a circle
ordered by the phase of their central charge and the ones on the left semi-circle are
fermionic and the ones on the right-half are bosonic. Then the TrM can be viewed as
the totality of operators we can make out of them which can be placed on a circle (i.e.
start from one vacuum and end on the same vacuum). This structure will repeat,
as we shall see in all the other dimensions where we connect BPS degeneracies with
partition functions at superconformal points.
2.2 BPS states and N = 2, in d = 4 dimensions
The connection between degeneracies of BPS states for N = 2 theories in d = 4 and
certain partition functions at the superconformal point was found in [7]. We consider
the theory in the background involving S1 ×MCq where MCq is the Melvin cigar:
MCq is given by C × S1 where we rotate C by q as we go around S1. Moreover as
we go around the other S1 we twist by tr−R where r is the extra r-charge which is a
symmetry at the conformal point and R is a Cartan in the SU(2)R. The MCq can
be viewed topologically as 12S
3 with squashing parameter q. We will denote this by
MCq =
1
2
S3q .
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One considers the partition function on S1 × 12S3q which can be represented in the
operator formulation as (suppressing the irrelevant e−βH)
Z(t, q) = Tr 1
2
S3q
(−1)F tr−R . (2.3)
We now explain the relation of this partition function with the deformed theory.
Each BPS state is characterized by a charge γ which belongs to the lattice of electric
and magnetic charges. Note that this lattice has a canonical skew-symmetric product
pairing the electric with the corresponding magnetic charges. Consider the quantum
torus algebra given by introducing for each element γ of the lattice an operator Uγ
satisfying3
UγUβ = q
〈γ,β〉UβUγ .
For each BPS state of charge γ and spin s introduce the operator
Φ(γ, s) =
∏
n
(1− qn+s+ 12Uγ)(−1)
2s
. (2.4)
Consider BPS states whose central charges lie on the upper half-plane.
S = T
( ∏
BPS−upper
Φ(γi, si)
)
, (2.5)
where T denote ordering the product in the order of the phases of the central charges
as it goes in a counter-clockwise direction. Furthermore consider the matrix
M = SS−t ,
as in the 2d case, where the inverting of S means replacing Uγ → U−1γ and q → q−1,
s → −s and taking the inverse of the products. Furthermore transposition means
the order in the product continues in the order of increasing phase of central charge.
It was found in [7] that
TrMk = Z(t = e2πik, q) = Tr 1
2
S3q
(−1)F e2πikr . (2.6)
3When the N = 2, d = 4 theory is realized in terms of an M5-brane wrapping Σ × S1 inside
a CY3fold, S1 being the time direction, then BPS states are given by M2-branes bounding γ ∈
H1(Σ,Z) and Uγ is the holonomy of the gauge field coming from the B-field on the M5-brane
reduced along the cycles of Σ [7].
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The fact that this gives the same result in all chambers follows from the work of
Kontsevich-Soibelman [21] and its refinement [22]. The similarity of the setup to the
2d case is striking and was explained in [7]. For alternative derivation see [23].
It is tempting to connect this to more standard superconformal index. In fact
as noted in [7, 24–26] if we consider the double space S3q , the partition function on
this space gets related to a doubled version of BPS contributions given by
Φˆ(γ, s) =
∏
n(1− qn+s+
1
2Uγ)
(−1)2s∏
n(1− qˆn+s+
1
2 Uˆγ)(−1)
2s
where qˆ = exp(−2πi/τ) with the parameterizations q = exp(2πiτ), and Uˆ = U 1τ . It
can be checked that Uˆγ satisfy
UˆγUˆβ = q
〈γ,β〉UˆβUˆγ .
Moreover Uγ and Uˆβ commute. Then, it was proposed in [7] that if we consider
Mˆ = SˆSˆ−t
where Sˆ is constructed out of Φˆ, then
TrMˆk = TrS3q (−1)F e2πikr
It is natural to compare this with the usual superconformal index. Given the relation
between superconformal index in 4d and the partition function on squashed S3 [27–
29], it is natural to propose4
TrMˆk = Tr(−1)F e2πik(r−R)qJ12−J34
which can be viewed as a special limit of the N = 2 superconformal index:
Tr(−1)F tr−RqJ12−RpJ34−R
with the specialization pq = 1, t = e2πik.
4The combination J12 − J34 was suggested by the relation with topological strings.
However, the correct relation was recently found in [30] and is given by TrMˆk =
Tr(−1)F e2piik(r−R)qJ12−Re2pii(J34−R), which is t 7→ e2piik and p 7→ e2pii limit of the superconfor-
mal index.
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3 BPS states and gauge theories with real central charges
in d = 3, 5
In this section we review the computations done for the superconformal index for
gauge theories with N = 2 in d = 3 and N = 1 in d = 5. In both cases we argue that
they can be written entirely in terms of BPS states of the corresponding theories
in the Coulomb branches. This reinterpretation leads to our general proposal for
relation between BPS states and the index for all superconformal theories in d = 3, 5.
3.1 Superconformal index in d = 3, N=2
Here we review the basic statement for computation of superconformal index for
gauge theories on S1 × S2 [26, 31–33].
Consider a 3d theory with gauge group G, and some matter representations R.
Moreover, depending on what interactions are turned on, certain flavor symmetries
can be introduced. The superconformal index can be viewed as computation of
I3 = Tr(−1)F qR−J
∏
iz
Fi
i
where J is the rotation generator on S2, R denotes the R-charge and Fi are some
flavor charges. The basic statement is that we can compute I3 simply by taking the
contribution of all the fields in the UV to the index, where it can be taken to be
a weakly coupled theory. Since the index does not change upon flow, this would
give the superconformal index at the conformal point as well. If we have gauge
group factors we can turn on flat connections on S1, which we denote by Ui, which
need to be integrated over. This is equivalent to projecting to gauge invariant fields.
Moreover, for each flavor charge we introduce a fugacity zi around the circle.
The contribution for each particle splits up formally to a square due to CTP
structure of each multiplet. Let Φa(zi, Uj , q) be the contribution of one of the parti-
cles. Let the spin of the particle be s, and charges fi under the flavor symmetries,
and charge pi under the gauge symmetries. Then
5
Φa(zi, Uj, q) =
∏
n
(1− qn+δa+ 12Upjj zfii )
(−1)2s
where δa is the R-charge of the field (and for free theory gets identified with s).
Including the CTP conjugate is the same as introducing Φ−ta = 1/Φa(z
−1
i , U
−1
j , q).
5Here we are turning off the fugacity associated with monopole number which can be viewed as
complexification of Uj [26].
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Let
S =
∏
a
Φa
Then the index can be written as6
I3 = Tr M = Tr SS
−t =
∫
dUj
Uj
∏
a
Φa(zi, Uj , q) · 1
Φa(z
−1
i , U
−1
j , q)
which has the same structure as what we had seen in d = 2, 4. Indeed if we go to the
Coulomb branch the basic field become BPS states and so this can also be viewed
as computation using the BPS states7, in the same sense as we had seen in d = 2, 4.
Note that at least formally this can be written in the form
I3 =
∫
dUj
Uj
∣∣∣∣∏
a
Φa(zi, Uj , q)
∣∣∣∣2
using the fact that (not worrying about regions of convergence of q)
Φ(z−1i , U
−1
j , q
−1) =
1
Φ(z−1i , U
−1
j , q)
This computes the index at zero monopole number. One can also include the effect
of the global symmetries associated with shifting the dual photon. This can be done
most naturally by considering a generalized index [33] with fixed monopole numbers
mj . This can be shown to be equivalent [26] to viewing holonomies as complex,
shifting Uj → UjXj where Xj is viewed as real and at the end, after taking |...|2
substituted by Xj = q
mj/2.
3.2 N = 1, d = 5 and BPS states
The superconformal index in d = 5 is defined [5] by the twisted partition function
on S1 × S4:
I5 = Tr(−1)F qJ12−R1 qJ34−R2 zfjj
where J12 and J34 are the rotations of two planes in S
4 and R denotes the Cartan
of the SU(2) R-symmetry, and fi denote flavor symmetries. The fact that there
6The integration is over the Cartan of U(1)n. This is also true in the non-abelian case where
the extra measure factors can be viewed as arising from the contributions Φa of the massive gauge
particles of the non-abelian group in the Coulomb branch.
7More precisely what we mean by this is that if we ungauge the U(1)’s, the BPS partition
function of the global symmetries determine what are the BPS states. The index for the U(1)’s
which we gauge is determined entirely in terms of them.
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are non-trivial N = 1 superconformal theories has been argued from many different
viewpoints [13, 34–37]. There are non-trivial superconformal field theories whose
existence is signaled by the existence of massless particles and tensionless strings.
Moreover, as argued in [34] many superconformal theories deform upon mass defor-
mations to gauge theories. In turn, in the IR limit the gauge theories become weakly
coupled, and one can use this weakly coupled IR theory to compute the index. Since
the index is independent of deformations this can be used to recover the index at
the conformal point. This idea has been considered in [38] where the superconformal
index for some theories were computed using localization techniques. This includes
that of SU(2) with up to Nf = 7 fundamental matter. Moreover the expected ENf+1
symmetry of these theories was successfully tested. The basic structure of the answer
can be recast, which we discuss in more detail in section 6, as
I5 =
∫
dUi
Ui
∣∣ZNekrasov5d (Ui, zj ; q1, q2)∣∣2
where ZNekrasov5d denotes the Nekrasov partition function for the 4d theories coming
from compactification of the theory on S1, and Ui denote the holonomy of the gauge
group along S1, and zj are exponential of mass parameters and the instanton number
(which is one of the flavor symmetries). Moreover in the above formula the |...|2
involves complex conjugating the Ui, zj → U−1i , z−1j but keeping q1,2 unchanged. Of
course this result was already anticipated by the computation of Pestun [39] relating
4d Nekrasov partition function with gauge theory partition function on S4. This
can be viewed as a special instance of that general argument where the argument is
applied to the 4d theory obtained by compactification from 5d.
The question is what is the relation of this index with BPS states? Unlike the 3d
case, where the basic fields can be viewed as BPS states in the Coulomb branch, in
the 5d case the gauge fields and matter fields are not the only BPS states. Indeed this
is consistent with the fact that I5 is considerably more complicated than the 3d case
where the index is given by treating the basic fields as the only relevant ingredients
for the computations. Indeed there are infinitely many BPS states in this case. The
question is whether I5 can be reinterpreted just in terms of BPS states, as was the
case in d = 2, 3, 4?
As is well known the partition function of refined topological strings on a CY
which engineers the corresponding gauge theory [40] is identical with Nekrasov’s
– 12 –
partition function. Therefore we can interpret the above statement as
I5 =
∫
dUi
Ui
∣∣Ztop.CY (Ui, zj; q1, q2)∣∣2
On the other hand, it is known that topological strings captures BPS degeneracies
[8] (see [9] for the refined version):
Ztop =
∏
si,ni,mj
∞∏
m,n=1
(1− qm+s1+
1
2
1 q
n+s2+
1
2
2 U
ni
i z
mj
j )
(−1)2sNs1,s2,ni,mj
where Ns1,s2,ni,mj is the BPS degeneracy with SO(4) spins si written in an orthogonal
basis of Cartan, gauge charges ni and flavor charge mj (where in topological string
(ni, mj) translate to an element of H2 of CY where the M2 brane wraps to give rise
to BPS state). Thus we can view this Ztop as a partition function of BPS particles:
Ztop =
∏
i∈BPS
Φi = S
with Φ identified as the above, counting the BPS states as if they are the elementary
building blocks of the theory, even though there is no weak coupling Lagrangian
which describes them as fundamental fields. Nevertheless they seem to behave as
such. Moreover S−t is given by
S−t = Ztop(q−11 , q
−1
2 , U
−1
i , z
−1
j ) =
1
Ztop(q1, q
−1
2 , U
−1
i , z
−1
j )
= Ztop(q1, q2, U
−1
i , z
−1
j )
The proof of this is given in section 4 above Eq.(4.15) when we discuss the
properties of the refined partition function.
Therefore we can again write the index as
I5 = Tr M = Tr SS
−t =
∫
dUi
Ui
|Ztop(q1, q2, Ui, zj)|2
Thus we have a unified picture in d = 2, 3, 4, 5 on the relation between BPS states
and supersymmetric partition functions.
3.3 Inclusion of codimension 2 defects
In the context of topological strings we can also consider M5 branes wrapping special
Lagrangian submanifolds. These correspond to 3d defects in gauge theory, giving the
analog of surface operators in the context of 4d gauge theory [41, 42]. We will describe
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the detailed definition of them shortly. We can then ask how one may compute the
index of the 5d theory in the presence of 3d defects. This fits nicely with the above
formalism by simply combining the degrees of freedom of the BPS states involving
M2 branes ending on M5 branes, which open topological string counts [10, 11]:
I5,3 =
∫
dUi
Ui
dVj
Vj
∣∣Ztopopen,closed(q1, q2, Ui, Vj , zk)∣∣2
where Ui, Vj are the bulk and defect holonomies around S
1 respectively and zk are
the flavor symmetries. zk correspond to Ka¨hler classes in the Calabi-Yau. This
computes the index in the zero monopole number sector. To obtain the generalized
index of [26, 33] with fixed monopole numbers mj , it suffices to take Vj to have a
real piece Vj → VjXj and substituting, after taking the |...|2, Xj = qmj/21 , where we
have taken the M5-brane to be in the 12-plane.
Next we discuss in more detail the connection between M5 branes wrapping
Lagrangian submanifolds and gauge theoretic defects (see also [43]). M5 branes
wrapped on special Lagrangian submanifolds and filling an R3 ⊂ R5 in space-time
correspond to supersymmetric defects preserving half of the supersymmetries (i.e.
leading to N = 2 supersymmetry in 3d). We will be mainly considering non-compact
Calabi-Yau threefolds which are toric. A distinguished class of special Lagrangian
cycles in these cases [44, 45] have the topology of R × T 2 for which a cycle of T 2
shrinks at each end. In the compact region of the toric 3-fold, where one cycle w0 of
T 2 shrinks it ends on the web of the toric diagram. With no loss of generality let us
call this the (1, 0) cycle of T 2. At infinity a cycle w∞ of the T 2 shrinks ending on the
‘spectators brane’. Let us call this direction the w∞ = (p, q). The topology of this
Lagrangian submanifold is the lens space L(q, p) which has fundamental group Zq.
As discussed in [25] there is an N = 2 supersymmetric U(1) Chern-Simons gauge
theory living on the non-compact 3 dimensions of the wrapped M5 brane, with level q.
Furthermore this theory has a flavor U(1) symmetry associated with the monopole
number (corresponding to shifting the angular scalar dual to the photon). The p
corresponds to the Chern-Simons level for this flavor symmetry. Furthermore the
position of the brane on the web is determined by the FI-term ξ0 for the U(1) gauge
symmetry. Such a defect can be defined for any 5d conformal theory arising from
toric CY, where the lines of the web pass through the same point. As the web is
resolved through breathing modes of the web, one per cycle, the spectator (q, p) line
where the brane is suspended can intersect a number of edges in the diagram and the
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brane can end on any of the lines (see Fig 1). In order to make sure the amplitudes is
invariant under resolutions, and it is a defect associated to a superconformal theory,
we need to sum over all such possible endings.
(p, q)
a
ξ−
ξ+
ξ± = ξ0 +
a
2
±
a p
2q
ξ0
Figure 1. The geometry of Lagrangian brane on local P1 × P1. Here we have chosen
the spectator brane to be (p, q) with slope p/q. The CS level on the brane is at k = q.
The Lagrangian brane is suspended from the spectator brane at either of the two points
(denoted by black dots). The Coulomb branch parameter is labeled by a. Moreover the
slope being p/q affects how the effective FI terms ξ± = ξ0 +
a
2 ± ap2q change with a.
In case the toric geometry engineers an SU(N) gauge theory (corresponding to
N parallel lines, the (p, q) spectator line will intersect the ladder of parallel lines at
any of N points, and we will need to sum over all of them. This would correspond
to breaking SU(N) to SU(N − 1) × U(1) near the defect position. Moreover as
discussed in [42] in the analogous situation of surface defects in 4 dimensions, the
surface defect generates a deficit angle 0 ≤ α ≤ 2π in the U(1) ⊂ U(1)×SU(N −1),
proportional to FI-term ξ0. We have
ξ0 =
α
2πg2YM
corresponding to moving the end brane along the line whose length is 1/g2YM , as
the brane traverses the line the deficit angle varies from 0 to 2π. As we change
the Coulomb branch parameters the effective ξ± depends not only on the Coulomb
parameter a but also on the slope p/q (see Fig 1).
In computing the index I in the presence of defect we choose a number of defect
spectators with various slopes (pi, qi) and some fixed positions (corresponding to
their FI-terms ξi). We can also have more than one brane suspended from each. In
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the gauge theory setup this will translate to more general patterns of breaking the
gauge symmetry near the defect. We then integrate over the breathing modes of the
loops (i.e. Wilson lines of the 5d gauge theory), and the Wilson lines associated to
the gauge field on the brane, fixing the position of the suspended lines at infinity and
the external lines of the web, which collectively play the role of mass parameters.
4 Topological Strings and BPS states
The N = 2 topological strings propagating on a CY threefold X have been intensely
studied in recent years from both mathematical and physical viewpoints. They not
only provide an exactly solvable sector of the full string theory but also provide very
useful insight into the spacetime physics. In this section we will summarize the re-
lation between topological strings on X and BPS states which arise in the M-theory
compactification on X .
Consider a Calabi-Yau threefold X and let ω =
∑h1,1(X)
a=1 taωa be the Ka¨hler class.
The classes {ω1, ω2, · · · , ωh1,1} span H2(X,Z) and we denote with Da the 4-cycle
dual to ωa. The genus g A-model topological string amplitude on the Calabi-Yau
threefold X are then given by [46]
F0(ω) =
cabc tatbtc
6
+
∑
β∈H2(X,Z)
N0βe
− ∫
β
ω (4.1)
F1(ω) = − 1
24
h1,1∑
a=1
ta
∫
X
c2(X) ∧ ωa +
∑
β∈H2(X,Z)
N1βe
− ∫
β
ω
Fg≥2(ω) = (−1)g
(∫
Mg
λ3g−1
)χ(X)
2
+
∑
β∈H2(X,Z)
Ngβe
− ∫
β
ω
where cabc =
∫
X
ωa ∧ ωb ∧ ωc are the triple intersection number Da · Db · Dc of the
divisors Da dual to ωa, N
g
β are the genus g Gromov-Witten invariants and the λg−1
is the (g − 1)th Chern class of the Hodge bundle over the moduli space of genus g
curves, Mg, and ∫
Mg
λ3g−1 =
|B2g||B2g−2|
(2g)(2g − 2)(2g − 2)! . (4.2)
In the above equation B2g are the Bernoulli numbers,
∑∞
n=0Bn
xn
n! =
t
et−1 .
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The topological string partition function is given by
Z(ω, gs) = exp
( ∞∑
g=0
g2g−2s Fg(ω)
)
(4.3)
where gs is the topological string coupling constant. In [8] topological strings on a
CY threefold X were studied from a spacetime point of view and it was shown that
the topological string partition function captures the degeneracy of BPS particles in
the 5D theory coming from M-theory on X . We present a short summary of their
argument linking the BPS states in 5D with topological strings. Consider M-theory
compactification on CY threefold X which gives a 5D theory. The massive BPS
particles will form representation of the little group in 5D SO(4) = SU(2)L×SU(2)R.
These BPS particles in 5D arise from M2-branes wrapping a holomorphic curve in
X and have mass equal to the area of the curve. These BPS particles are electrically
charged under the h1,1(X) abelian gauge fields A(a) coming from the 3-form C,
C =
h1,1(X)∑
a=1
A(a) ∧ ωa . (4.4)
As has been mentioned before the 5D theory also has states which are magnetically
charged under A(a). These magnetically charged states are not point particles but are
strings coming from M5-branes wrapping the 4-cycles in X . The M2-brane wrapping
a holomorphic curve in the class β gives rise to a set of BPS particles in 5D with
mass equal to
∫
β ω and certain SU(2)L × SU(2)R spin content. Let use denote by
N jL,jRβ the number of particles with spin (jL, jR) and charge β (which determines
the mass) and let
njLβ =
∑
jR
(−1)2jR(2jR + 1)N jL,jRβ . (4.5)
The integers njLβ are invariant under complex structure deformations ofX and are the
BPS degeneracies captured by the topological strings. In terms of njLβ the topological
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string partition function can be written as (q = eigs)
Z(ω, gs) = Z0(ω, gs)
∏
β∈H2(X,Z)
∏
jL
+jL∏
kL=−jL
∞∏
m=1
(
1− q2kL+m e−
∫
β
ω
)m(−1)2jLnjLβ
Z0(ω, gs) =
exp
(
cijk titjtk
6 g2s
− 124
∑h1,1
a=1 ta
∫
X
c2(X) ∧ ωa
)
exp
(
− ζ(3)g2s +
∑∞
g=2 g
2g−2
s (−1)g
∫
Mg λ
3
g−1
)−χ(X)
2
In Z0(ω, gs) above the numerator is the classical contribution coming from worldsheet
with genus zero and three punctures (the cubic term) the worldsheet with genus one
and one puncture. The denominator is the contribution coming from constant maps
and can also be written as
− ζ(3)
g2s
+
∞∑
g=2
g2g−2s (−1)g
∫
Mg
λ3g−1 = −
∞∑
n=1
nlog
(
1− qn
)
= logM(q) (4.6)
where M(q) =
∏∞
n=1(1 − qn)−n is the generating function of the number of plane
partitions known as MacMahon function. Thus the full topological string partition
function is given by
Z(ω, gs) = e
cijk titjtk
6 g2s
− 1
24
∑h1,1
a=1 ta
∫
X
c2(X)∧ωa
M(q)
χ(X)
2
∏
β,jL,kL,m
(
1− q2kL+m e−
∫
β
ω
)m(−1)2jLnjLβ
.
There also exist a refinement of the above topological string partition function. No-
tice that the GV invariants njLβ is an index over the Hilbert space of states coming
from β and the index structure is needed since complex structure deformations can
change N jL,jRβ but do not change n
jL
β . This is the story for generic CY threefold.
For local CY threefold (noncompact toric CY threefolds) the story is much more
interesting. The local CY threefolds enjoy extra R symmetry and, therefore, N jL,jRβ
are also invariants. The refinement of topological string partition function captures
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these full BPS degeneracies 8:
Z(ω, t, q) = e
− cijk titjtk
6 ǫ1ǫ2
− 1
24
∑h1,1
a=1 ta
∫
X
c2(X)∧ωa(M(t, q)M(q, t))
χ(X)
4 × (4.7)∏
β∈H2(X,Z)
∏
jL,jR
+jL∏
kL=−jL
+jR∏
kR=−jR
∞∏
m1,m2=1
(
1− tkL+kR+m1− 12 qkL−kR+m2− 12 Qβ
)M jL,jRβ
M jL,jRβ = (−1)2(jL+jR)N jL,jRβ ,
where M(t, q) is the refined MacMahon function,
M(t, q) =
∞∏
i,j=1
(
1− qi tj−1
)−1
, (4.8)
and q = eiǫ1 , t = e−iǫ2 . The usual topological string partition function is recovered
in the limit ǫ1 = −ǫ2 = gs. Notice that we have kept the classical contribution and
the constant map contribution. Eq.(4.7) can also be written as
Z(ω, t, q) = e
− cijk titj tk
6 ǫ1ǫ2
− 1
24
∑h1,1
a=1 ta
∫
X
c2(X)∧ωa(M(t, q)M(q, t))
χ(X)
4 × PE
[
F (ω, t, q)
]
F (ω, t, q) =
∑
β∈H2(X,Z)
∑
jL,jR
e−
∫
β
ω
(−1)2(jL+jR)N jL,jRβ TrjR(qt )jR,3TrjL(q t)jL,3
(q1/2 − q−1/2)(t1/2 − t−1/2) (4.9)
where PE
[
f(x1, x2, · · · )
]
is the Plethystic exponential of f(x) defined as
PE
[
f(x1, x2, · · · )
]
= exp
( ∞∑
n=1
f(xn1 , x
n
2 , · · · )
n
)
. (4.10)
In general for local CY threefold X χ(X) is not well defined, however, if we only
consider compact homologies in its definition we get it equal to twice the number of
4-cycles. This is the value we will use in writing the factors of MacMahon function
in the refined partition functions.
Before we discuss how the refined topological string partition function can be calcu-
lated for local CY threefolds let us discuss an important property of the partition
function which has been mentioned before and which will be of importance later.
We would like to see how the refined partition function transforms under complex
8In the previous sections the coupling constants of the refined topological strings were denoted
by q1 and q2. From now on we will denote them by t and q which are more familiar in the context
of calculations involving the refined topological vertex.
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conjugation. In the later calculations of the index, as have been discussed earlier,
the Ka¨hler parameters will be taken to be pure imaginary and some of them will be
integrated over. Keeping this in mind the complex conjugation acts as follows on the
variables (ω, t, q),
(ω, t, q) 7→ (−ω, t−1, q−1) . (4.11)
Now it is easy to see from Eq.(4.9) that 9
F (−ω, t−1, q−1) = F (−ω, t, q) . (4.12)
The MacMahon function, which is part of the closed topological string partition
function, behaves in a non-trivial way under the complex conjugation,
M(t−1, q−1) =
∞∏
i,j=1
(
1− q−i t−j+1
)−1
= exp
( ∞∑
i,j=1
∞∑
n=1
q−nit−n(j−1)
n
)
(4.13)
= exp
( ∞∑
n=1
q−n
n(1− q−n)(1− t−n)
)
= exp
( ∞∑
n=1
tn
n(1− qn)(1− tn)
)
=
∞∏
i,j=1
(
1− qi−1 tj
)−1
=M(q, t) (4.14)
Thus from Eq.(4.12) and Eq.(4.14) it follows that
Z(ω, t, q) = Z(−ω, t−1, q−1) = Z(−ω, t, q) (4.15)
and therefore∣∣∣Z(ω, t, q)∣∣∣2 = (M(t, q)M(q, t))χ(X)2 PE[F (ω, t, q) + F (−ω, t, q)] (4.16)
where the classical piece cancelled because it was odd in ω.
Now we will briefly discuss the open string case which will be of use when we consider
the 5D index with a 3D defect. In the A-model topological string one can consider
worldsheet with boundaries as long as proper boundary conditions are enforced which
9As long as for each β we have the full spin content corresponding to (jL, jR). This is indeed
the case for the class β if the corresponding moduli space of D-brane Mβ is compact. A counter
example to this is the case of O(−2)⊕O(0) 7→ P1. In this case the moduli space of the P1 is C and
the corresponding F (T, t, q) = e−T
√
q
t
(q1/2−q−1/2)(t1/2−t−1/2)
.
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preserve the A-model supersymmetry. The boundary conditions in this case require
the boundary of the worldsheet to end on a Lagrangian submanifold of the target
space. These Lagrangian submanifolds on which the worldsheet can have boundaries
are the Lagrangian branes of the theory. For the local CY threefolds we are consid-
ering these Lagrangian branes are non-compact and have the topology of S1 × R2.
The partition function of the A-model in the presence of branes was studied in [10]
from a spacetime viewpoint and it was shown that in this case, just as in the case of
closed strings, the partition function captures certain BPS degeneracies. The space-
time picture arises if we consider Type IIA compactification and consider a D4-brane
wrapped on the Lagrangian cycle. In this D2-branes can wrap holomorphic curves in
X and end on the D4-brane. The open topological string partition function captures
the degeneracies of BPS states arising from D2-branes ending on the D4-brane. If
we denote the Lagrangian brane by L then the D4-brane wraps L×R2 where R2 is
part of the spacetime R4. The theory on the R2 has a U(1)s rotation and a U(1)r
R-symmetry. We combine these two U(1)’s and define SL = S+R and SR = S−R.
In addition to these quantum numbers the D2-brane couples to the gauge field on the
D4-brane and we can introduce a holonomy factor TrRU where U is the holonomy
of the gauge field on the D4-brane around the nontrivial S1 of L. If we denote by
NsL,sRR,β the number of particles with charge β and U(1)L ×U(1)R quantum numbers
sL, sR in the representation R, then the open topological string partition function is
given by,
Zopen(ω, t, q, U) = PE
[
Fopen(ω, t, q, U)
]
(4.17)
Fopen(ω, q) =
∑
R,β,sL
e−
∫
β
ω (−1)2sLnsLR,β
qsL
(q
1
2 − q− 12 )
TrRU (4.18)
where
nsLR,β =
∑
sR
NsL,sRβ,R (−1)2sL+2sR (4.19)
The SL + SR is the fermion number and above index is invariant under complex
structure deformations.
A refinement of the above partition function also exists and is given by [11] (see also
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[55])
Zopen(ω, t, q) = PE
[
F (ω, t, q)
]
(4.20)
F (ω, t, q) =
∑
β,R,sL,sR
e−
∫
β
ω (−1)2sL+2sRNsL,sRR,β
qsL tsR
(q
1
2 − q− 12 )
TrRU (4.21)
The action of complex conjugation on the open string partition function is differ-
ent than in the case of the closed string partition function that we discussed above.
The action of complex conjugation on the open string variables is given by
(ω, t, q, U) 7→ (−ω, t−1, q−1, U−1) . (4.22)
With this action the Eq.(4.21) gives
F (−ω, t−1, q−1) = −F (−ω, t, q, U−1) , (4.23)
Zopen(−ω, t−1, q−1, U−1) = 1
Zopen(−ω, t, q, U−1) .
Thus for the open string case∣∣∣Zopen(ω, t, q, U)∣∣∣2 = Zopen(ω, t, q, U)
Zopen(−ω, t, q, U−1) (4.24)
An Example: Consider the case of O(−1)⊕O(−1) 7→ P1 with a Lagrangian brane
on the P1. In this case the open string partition function is given by
Zopen(Q, t, q, z) =
∞∏
m=1
(
1− qm− 12 z
)−1(
1− qm− 12Qz−1
)−1
.
Using
∞∏
m=1
(
1− q−m+ 12 z
)−1
= exp
( ∞∑
n=0
zn
n
q−n/2
1− q−n
)
(4.25)
= exp
(
−
∞∑
n=0
zn
n
qn/2
1− qn
)
=
∞∏
m=1
(
1− qm− 12 z
)
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it is easy to see that
Zopen(Q
−1, t−1, q−1, z−1) =
1
Zopen(Q−1, t, q, z−1)
.
5 Five dimensional superconformal theories from toric Calabi-
Yau threefolds
In this section we briefly recall the class of 5D superconformal theories for which
our methods yield the corresponding index. See [12] and references therein for more
detail.
We consider M-theory on toric Calabi-Yau threefolds, or equivalently type IIB
string theory with a web of (p, q) 5-branes. Let x0, x1, · · · , x9 be the coordinates of
the ten dimensional spacetime. The (p, q) 5-branes fill the R1,4 part of the spacetime
given by x0, x1, · · ·x4 and extend as a web of piecewise straight lines in the plane
given by x5 and x6. The generic (p, q) 5-brane web can be viewed as a trivalent graph
in R2 depicting each 5-branes as a line segment in R2 (filling the R1,4 space-time)
where the slope of each (p, q) line is given by the q/p. The generic graph is trivalent
with
∑
i(pi, qi) = 0 on each vertex. An example of such a web is shown in Fig. 2.
Figure 2. A generic (p, q) 5-brane web.
In the limit where the web becomes singular, consisting of lines all passing
through the same point, we get a superconformal theory in 5D. An example is shown
in Fig. 3 where the singular web gives a superconformal theory with SU(2) global
symmetry.
The resolutions of the web, fixing the external line, correspond to going to the
Coulomb branch of the 5D gauge theory. Some of these theories correspond to gauge
theories upon resolutions [47]. However most of them do not have a direct gauge
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⇒Figure 3. The singular limit of the web gives a superconformal theory. In this case
the theory has SU(2) global symmetry at the superconformal point. In the M-theory
compactification this corresponds to a 4-cycle (P1 × P1) shrinking to a point.
theory interpretation. Our method for computing the index applies equally well to
all of them.
Moving the external lines, correspond to changing the mass parameters of the
theory. The data of the conformal theory is thus captured by a collection of external
lines characterized by wi = (pi, qi) 5-branes, with the condition that∑
i
wi = 0
Moreover, for each ~wi one can introduce a mass parameter mi corresponding to
moving the external lines parallel to itself. They add up to zero and there is in
addition a two parameter redundancy due to shifting the origin of the R2, so the
number of mass parameters is 3 less than the number of external lines. It was
proposed in [12] that this data can be identified with the states of a 4D string on
T ∗T 2. Moreover, the scattering amplitudes of the resulting string states are identified
with the superconformal index I5 of the resulting theory in 5D:
〈
∏
i
Φwi(mi)〉 = I5 δ(
∑
mi) δ(
∑
wi)
In addition we can select a number of spectator branes from which the Lagrangian
branes can be suspended, giving rise to defects of the 5d theory. The slope of the
spectator branes determine the type of defect we introduce. Its position is a mass
parameter associated to the FI-term on the defect. These correspond to degrees of
freedom of the unwound string in the proposal of [12].
5.1 Loop variables and Ka¨hler parameters
In calculating the index we need to integrate over the loop variables associated with
the 4-cycles in the geometry. Each loop variable correspond to a U(1) coming from
the 4-cycle as discussed in section 4. Since the partition function depends on the
Ka¨hler parameters we need to determine how the Ka¨hler parameters depend on the
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loop variables. This relation can be easily determined either from the web diagram
or from the geometry.
Let us first show how we can determine the dependence of the Ka¨hler parameters
on the loop variables using the web diagram. Consider an edge E which is one of
the edges forming the loop (4-cycle) in the web diagram. Let E1 and E2 be the two
edges connected with E but not part of the loop as shown in Fig. 4 where we have
used SL(2,Z) transformation to convert the edge E to a horizontal line.
δa
E
E1
E2
(p1, q1) (p2, q2)
(1, 0)
Figure 4.
From Fig. 4 it is clear that as the 4-cycle size changes the size of the edge E also
changes with it. The relation between the deformation of the 4-cycle given by the
change in the loop variable δ a and the change in the size of the edge E δtE depends
on the slope of the connected edges E1 and E2 and is given by
δtE = δa
∣∣∣p1
q1
− p2
q2
∣∣∣ . (5.1)
If we define Qe = e
itE , the loop variable U = eia and let w1, w2 and we be the
winding vectors associated with E1, E2 and E then the SL(2,Z) invariant version of
the relation between the edge variable Qe and the loop variable U is given by
Qe = Q0 U
n , n =
∣∣∣ w1 ∧ w2
(w1 ∧ we) (w2 ∧ we)
∣∣∣ (5.2)
where Q0 is the value of Qe for a = 0 and is determined by the position of the
external legs.
If the geometry has many 4-cycles then it may becomes difficult to determine the
dependence of the Ka¨hler parameters on the loop variables using the web diagram
although the basic idea still is same. A more geometric way of obtaining the relation
follows from the fact that holomorphic curves in the geometry give rise to BPS
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particles in the 5D theory which are electrically charged under the U(1)g gauge
group (assuming there are g 4-cycles in the geometry). The scaling relation between
the Ka¨hler parameter of a curve C and the loop variables is just given by the electric
charge of the corresponding state:
QC = QC,0 e
i(d1a1+d2a2+·dgag) , (5.3)
where {a1, a2, · · · , ag} are the loop variables corresponding to the g 4-cycles and di
is electric charge of the state coming from C under the U(1)i (the U(1) coming from
the i-th 4-cycle). The electric charge of the curve C is a purely geometric quantity
given by the intersection of the curve C with the 4-cycle. If we denote the 4-cycles
in the geometry by D1, D2, · · · , Dg then
di(C) = Di · C (5.4)
= −KDi · C (5.5)
where −KDi is the anticanonical class of the divisor Di. We will use Eq.(5.3) and
Eq.(5.4) to determine the relation between the Ka¨hler parameters and the loop vari-
ables when calculating the index in section 6.
6 Computation of the 5d index through topological string
In this section we will calculate the index for certain 5D theories using the refined
topological string partition function. The refined partition function will be calculated
using the refined topological vertex. We will give a short introduction to the refined
vertex formalism
6.1 Refined vertex formalism
The topological vertex, which was derived using large N transition from Chern-
Simons theory, can be used to calculate the topological string partition function for
a toric CY threefold [48]. A refinement of the topological vertex was found in [49]
and allows the calculation of refined topological string partition function for a large
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class of toric CY threefolds 10. The refined topological vertex is given by
Cλµ ν(t, q) = fµt(q, t) q
||ν||2
2 Z˜ν(t, q)
∑
η
(q
t
) |η|+|λ|−|µ|
2
sλt/η(t
−ρ q−ν) sµ/η(t−ν
t
q−ρ)
(6.1)
where sλ/η(x) is the skew-Schur function and the following table summarizes other
quantities:
λ = {λ1 ≥ λ2 ≥ · · · ≥ λℓ(λ) > 0} , λt = {λt1 ≥ λt2 ≥ · · · |λti = #{a|λa ≥ i}}
|λ| =∑ℓ(λ)a=1 λa , ||λ||2 =∑ℓ(λ)a=1(λa)2
fλ(t, q) = (−1)|λ| t ||λ
t||2
2 q−
||λ||2
2 , Z˜λ(t, q) =
∏ℓ(λ)
i=1
∏λi
j=1
(
1− qλi−j tλtj−i+1
)−1
ρ = {−1
2
,−3
2
,−5
2
, · · · } , t−ρq−λ = {t 12 q−λ1 , t 32 q−λ2, t 52 q−λ3 , · · · }
sλ/µ(x) =
∑
ηN
λ
µ ηsη(x) , N
λ
µη = Littlewood-Richardson coefficients
Given any web diagram corresponding to a toric Calabi-Yau threefold we give
orientation to edge and associate to each internal edge eα a partition λ
(α). To each
external edge we associate the trivial partition i.e., the empty set. Since in the
web diagram three edges meet at each vertex we have a set of three partitions for
each vertex. If an edge is oriented such that it is going out from the vertex the
corresponding partition is changed to its transpose. We use these three partitions,
say λ, µ, ν associated to the incoming edges of the vertex, to associate with the
vertex the refined topological vertex Cλµ ν(t, q). The ordering of the three partitions
in writing the refined vertex is taken to be anticlockwise as we go around the vertex
and this should be the same for all vertices in the web diagram. To each edge eα of
the web diagram we had associated a partition λ(α) and we now associate a factor of
e−|λ
(α)|(tα+iπ) (fλ(α)(t, q))pα where tα is the length of this edge eα and pα is an integer
which is determined by the local geometry of the P1 associated to the edge eα in the
CY threefold. In the neighborhood of a P1 in a CY threefold the geometry looks
like O(m1) ⊕ O)(m2) with m1 +m2 = −2, the integer p = (m2 −m1)/2. Another
important constraint that needs to be considered in the case of refined topological
vertex, but not for the usual topological vertex, is that at each vertex we need to
10See [50] for an earlier attempt at refining the topological vertex by replacing Schur polynomials
with Macdonald polynomials.
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assign one edge as the preferred edge and all preferred edges in the web diagram
should be parallel to each other. This constraint comes from the construction of the
refined topological vertex in terms of plane partitions and restricts the class of toric
CY threefolds to which refined vertex can be applied to those geometries which are
fibrations over a P1 or a chain of P1’s. In writing the refined vertex for an vertex, of
the web diagram, the partition associated with the preferred edge is always the last
partition in the refined vertex and the two refined vertex factors which appear for
two vertices connected by a preferred edge should have (t, q) parameters switched
between them. With these constraints in place the refined topological string partition
function is given by taking the product over all vertices of the corresponding refined
vertex factors and taking a product over all edges of the corresponding edge factors
and summing over all partitions:
Zrefined(tα, t, q) :=
∑
all partitions
∏
α
(
e−|λ
(α)|(tα+iπ) (fλ(α)(t, q))
pα
) ∏
vertices
Cλ(α) λ(β) λ(γ)
An Example: Consider local Fm, canonical bundle on Hirzebruch surface Fm.
The web diagram of this geometry is shown in figure below. We take the two hori-
zontal lines to be the preferred edges.
λ µ
ν
η
m = 0 m = 1 m = 2
Edge factor : (−1)|λ|+|µ|+|ν|+|η| e−tf (|λ|+|µ|)+tb|ν|+(tb+mtf )|η| × (6.2)
fν(t, q)
−m+1 fη(q, t)m+1 fλ(t, q) fµ(q, t)
Vertex factors : Cλt∅ν(t, q)C∅λ ηt(t, q)Cµt∅η(q, t)C∅µ νt(q, t)
The refined partition function is then given by
Zlocal Fm =
∑
λµ ν(1) ν(2)
Edge factor×Vertex factor (6.3)
After some simplification and using the identity
∑
λ sλ(x) sλ(y) =
∏
i,j(1− xiyj)−1
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we get (Qb = e
−tb , Qf = e−tf )
Zlocal Fm =
∑
ν η
((−1)mQb)(|ν+|η|)Qm|η|f (fνt(q, t))m (fη(q, t))m q||η
t||2 t||ν
t||2 (6.4)
Z˜ν(t, q)Z˜ηt(t, q)Z˜η(q, t)Z˜νt(q, t)
∞∏
i,j=1
[
(1−Qf ti−ηjqj−1−νi)(1−Qf qi−νj tj−1−ηi)
]−1
6.2 Example 1: Local P1 × P1
Let us begin with a very interesting example of local P1 × P1. This CY threefold
gives rise to Nf = 0 SU(2) gauge theory and we will be able to compare the answer
we get from topological strings with the gauge theoretic calculation of [38].
The web diagram corresponding to this CY threefold (which is dual to the Newton
polygon encoding the toric data of this CY threefold) is shown below in Fig(5).
Qb
Qf
Figure 5. The Newton polygon (a) and web diagram (b) of local P1 × P1. The Newton
polygon has a unique triangulation therefore this geometry has only one phase.
In the above figure Qb and Qf are related to the Ka¨hler parameters tb and tf corre-
sponding to the base P1, which we will denote by B, and the fiber P1, which we will
denote by F , respectively as
Qb = e
−tb , Qf = e−tf .
The refined partition function of this geometry was calculated above and is given by
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taking m = 0 in Eq.(6.4),
Zlocal P1×P1(Qb, Qf , t, q) =
(
M(t, q)M(q, t)
) 1
2
Z(Qb, Qf , t, q) (6.5)
Z(Qb, Qf , t, q) :=
∑
ν1 ν2
Q
|ν1|+|ν2|
b q
||νt2||2 t||ν
t
1||2Z˜ν1(t, q)Z˜ν2(q, t)Z˜νt1(q, t)Z˜νt2(t, q)×
∞∏
i,j=1
[(
1−Qf ti−1−ν2,jqj−ν1,i
)(
1−Qfqi−1−ν1,j tj−ν2,i
)]−1
The refined topological vertex calculation gives the last factor in Eq.(6.5). The first
factor involving the refined MacMahon function M(t, q) has been added in accor-
dance with Eq.(4.7) while taking χ(X) = 2, as discussed in section 5, since there is
only one 4-cycles. We have ignored the classical contribution in writing the refined
partition function since it cancels when we take the absolute value square of the
refined partition function as discussed in section 5.
The the index for this geometry is given by
I =
∫
da
∣∣∣ZlocalP1×P1(Qb, Qf , t, q)∣∣∣2
where a is the loop variable (breathing mode) for the 4-cycle in the geometry. In
section 6 we discussed the general relation between the Ka¨hler parameters and the
loop variable. In this case we see that the Qf is related to loop variable as
Qf = e
2i a . (6.6)
Qb also depends on the loop variable and, therefore, on Qf . This dependence can
be easily determined using the web diagram. Consider the web diagram shown in
Fig. 5. If the external legs are fixed then the two parameters Qb and Qf are not
independent anymore, instead the choice of the external legs determines a parameter
u = e−h such that QbQf = u as shown in the Fig. 6.
Thus the index is given by,
Ilocal P1×P1 =
∫
da
∣∣∣ZlocalP1×P1(u e2ia, e2ia, t, q)∣∣∣2 .
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h tb
tf
tb = h + tf
Qb = uQf
Figure 6. The parameter h is determined by the position of the external legs and is fixed.
In the 5D gauge theory h is proportional to the inverse of the tree level gauge coupling and
has dimensions of mass.
We can now use Eq.(6.5) to determine the above index to obtain 11:
Ilocal P1×P1 := 1 + χ3(u) x2 + χ2(y)
(
1 + χ3(u)
)
x3 +
(
χ3(y)
[
1 + χ3(u)
]
+ 1 + χ5(u)
)
x4
+
(
χ4(y)
[
1 + χ3(u)
]
+ χ2(y)
[
1 + χ3(u) + χ5(u)
])
x5 +(
χ5(y)
[
1 + χ3(u)
]
+ χ3(y)
[
1 + χ3(u) + χ5(u) + χ3(u)χ3(u)
]
+
χ3(u) + χ7(u)− 1
)
x6 +
(
χ6(y)
[
1 + χ3(u)
]
+
χ4(y)
[
2 + 4χ3(u) + 2χ5(u)
]
+ χ2(y)
[
1 + 3χ3(u) + 2χ5(u) + χ7(u)
])
x7 +(
χ7(y)
[
1 + χ3(u)
]
+ χ5(y)
[
4 + 5χ3(u) + 3χ5(u)
]
+
χ3(y)
[
2 + 7χ3(u) + 3χ5(u) + 2χ7(u)
]
+ 3 + 2χ3(u) + 2χ5(u) + χ9(u)
)
x8 +(
χ8(y)
[
1 + χ3(u)
]
+ χ6(y)
[
3χ5(u) + 7χ3(u) + 4
]
+
χ4(y)
[
3χ7(u) + 6χ5(u) + 10χ3(u) + 6
]
+
χ2(y)
[
χ9(u) + 2χ7(u) + 4χ5(u) + 7χ3(u) + 4
])
x9 +
(
χ9(y)
[
1 + χ3(u)
]
+
χ7(y)
[
4χ5(u) + 8χ3(u) + 6
]
+ χ5(y)
[
4χ7(u) + 9χ5(u) + 16χ3(u) + 7
]
+
χ3(y)
[
2χ9(u) + 4χ7(u) + 10χ5(u) + 11χ3(u) + 10
]
+
χ11(u) + 3χ7(u) + 3χ5(u) + 7χ3(u) + 1
)
x10 + · · · , (6.8)
where x =
√
q
t and y =
√
q t.
11The index can also be written as a infinite product
I =
∏
a,b,c
(
1− xaybuc)C(a,b,c) , (6.7)
where C(a, b, c) ∈ Z. It would be interesting to see if C(a, b, c) have a direct physical meaning.
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Eq.(6.8) agrees will the result of [38] for the case of SU(2) gauge theory with Nf = 0.
In order to understand the relation between the gauge theoretic calculation [38] and
topological string result that we just derived we will look carefully at the various
factors which arise in the calculation of the index.
In [38] the index for SU(2) gauge theory with Nf = 0 was calculated using
equivariant localization and was given by
I =
∫
da 2sin2(a)PE
[
fvec(a, x, y)
]
︸ ︷︷ ︸
perturbative contribution
∣∣∣ZNekrasov(a, q, x, y)∣∣∣2︸ ︷︷ ︸
instanton contribution
, (6.9)
where a is the parameter on the Coulomb branch, q is the instanton counting param-
eter and x and y are related to the equivariant parameters q and t for the U(1)×U(1)
action of C2,
(z1, z2) ∈ C2 7→ (q z1, t−1z2) , (6.10)
x =
√
q
t
, y =
√
q t.
The perturbative contribution after subtracting the Haar measure is given by fvec(a, x, y),
fvec(a, x, y) = −
x(y + 1y )
(1 − x y)(1− xy )
(
e2ia + 1 + e−2ia
)
(6.11)
Now we can identify different pieces of the integrand in Eq.(6.9) with different contri-
bution to the topological string partition function. The topological string partition
function of local P1 × P1 can be written as
Zlocal P1×P1(Qb, Qf , t, q) =
(
M(t, q)M(q, t)
) 1
2
Z0(Qf , t, q)Z
′(Qb, Qf , t, q) (6.12)
Z0(Qf , t, q) =
∞∏
i,j=1
[(
1−Qf qitj−1
)(
1−Qfqi−1tj
)]−1
Z ′(Qb, Qf , t, q) =
∑
ν1 ν2
Q
|ν1|+|ν2|
b q
||νt2||2 t||ν
t
1||2Z˜ν1(t, q)Z˜ν2(q, t)Z˜νt1(q, t)Z˜νt2(t, q)×
∞∏
i,j=1
(1−Qf ti−1qj)(1−Qfqi−1tj)
(1−Qf ti−1−ν2,jqj−ν1,i)(1−Qfqi−1−ν1,jtj−ν2,i) (6.13)
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In Eq.(6.12) Z0(Qf , t, q) is the contribution to the partition function coming from
branes wrapping the fiber curve F only and Z ′(Qb, Qf , t, q) is the contribution to the
partition function coming from branes wrapping the base curve B at least once and
wrapping the fiber curve arbitrary number of times. The contribution Z ′(Qb, Qf , t, q)
is such that
lim
Qb 7→0
Z ′(Qb, Qf , t, q) = 1 (6.14)
Thus in the limit Qb 7→ 0 the only contribution to the partition function comes
from branes wrapping the fiber curve F and the D0-branes (the constant map con-
tribution). Z0(Qf , t, q) gives the perturbative part of the 4D gauge theory partition
function in the limit
Qf = e
2iaβ , q = eβǫ1 t = e−iβǫ2 , β 7→ 0 . (6.15)
The index is expressed in terms of the variables x and y which couple to the
SU(2)R and SU(2)L spins. To see the relation between the integrand of the in-
dex and the topological string partition function lets express partition function∣∣∣M(t, q)Z0(Qf , t, q)∣∣∣2 in terms of the variables x =√qt and y = √q t:
M(t, q) =
∞∏
i,j=1
(
1− qitj−1
)−1
=
∞∏
i,j=1
(
1− xi+jyi−j
)
(6.16)
M(t, q) = M(t−1, q−1) =M(q, t) =
∞∏
(i,j) 6=(1,1)
(
1− xi+j−2yi−j
)
|M(t, q)|2 = M(t, q)M(q, t) =
∞∏
i,j=1
(
1− xi+jyi−j
) ∞∏
(i,j) 6=(1,1)
(
1− xi+j−2yi−j
)
=
∞∏
i,j=1
(
1− xi+j−1yi−j+1
)(
1− xi+j−1yi−j−1
)
(6.17)
=
∣∣∣ ∞∏
i,j=1
(
1− xi+j−1yi−j+1
)∣∣∣2
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Similarly
Z0(Qf , t, q) =
[ ∞∏
i,j=1
(
1−Qfqitj−1
)(
1−Qf tiqj−1
)]−1
(6.18)
=
∞∏
i,j=1
(
1−Qfxi+jyi−j
)(
1−Qfxi+j−2yi−j
)
= (1−Qf )
∞∏
i,j=1
(
1−Qfxi+jyi−j
) ∏
(i,j) 6=(1,1)
(
1−Qfxi+j−2yi−j
)
= (1−Qf )
∞∏
i,j=1
(
1−Qfxi+j−1yi−j+1
) ∞∏
i,j=1
(
1−Qfxi+j−1yi−j−1
)
Z0(Qf , t, q) =
∞∏
i,j=1
(
1−Q−1f x−i−jy−i+j
)(
1−Q−1f x−i−j+2y−i+j
)
(6.19)
=
∞∏
i,j=1
(
1−Q−1f xi+j−2yi−j
)(
1−Q−1f xi+jyi−j
)
= (1−Q−1f )
∞∏
i,j=1
(
1−Q−1f xi+j−2yi−j
) ∏
(i,j) 6=(1,1)
(
1−Q−1f xi+jyi−j
)
= (1−Q−1f )
∞∏
i,j=1
(
1−Q−1f xi+j−1yi−j+1
) ∞∏
i,j=1
(
1−Q−1f xi+j−1yi−j−1
)
Using Eq.(6.11) it is easy to see that
2sin2(a)PE[fvec] =
1
2
(1− e2ia)(1− e−2ia) (6.20)
∞∏
i,j=1
[(
1− xi+j−1yi−j+1
)(
1− xi+j−1yi−j−1
)(
1− e2ia xi+j−1yi−j+1
)
×(
1− e2ia xi+j−1yi−j−1
)(
1− e−2ia xi+j−1yi−j+1
)(
1− e−2ia xi+j−1yi−j−1
)]
=
1
2
∣∣∣(1− e2ia) ∞∏
i,j=1
(
1− xi+j−1yi−j+1
)(
1− e2ia xi+j−1yi−j+1
)(
1− e2ia xi+j−1yi−j−1
)∣∣∣2
Comparing Eq.(6.17), Eq.(6.18), Eq.(6.19) and Eq.(6.20) we see that
2 sin2(α)PE[fvec] =
1
2
∣∣∣M(t, q)Z0(Qf , t, q)∣∣∣2 (6.21)
– 34 –
Thus the perturbative part of the integrand in Eq.(6.9) is exactly given by the part
of the topological string partition function which gets contributions from the D0-
branes and D2-branes wrapping the fiber curve. The instanton part of the integrand
in Eq.(6.9) is precisely the Nekrasov’s instanton partition function. It is known that
Nekrasov’s instanton partition function for SU(2) with Nf = 0 is precisely equal
to the part of the topological string partition function which includes contributions
from the base curve i.e., Z ′(Qb, Qf , t, q) given by Eq.(6.13).
6.3 Example 2: Blowup of local P1 × P1
The blowup of local P1 ×P1 is another interesting example that we will work out in
this section. The Newton polygon and the web diagram of this geometry is shown
in Fig. 7 below
Qb
Qf
Qb
Qf
Q
Figure 7.
The H2(X,Z) is spanned by {B,F,E} where B and F are base and the fiber
curves and E is the exceptional curve coming from blowup. The intersection numbers
are given by
B ·B = 0 , F · F = 0 , B · F = +1 , B · E = F · E = 0 , E · E = −1 . (6.22)
The anticanonical class is given by
−KX = 2(B + F )− E (6.23)
and using Eq.(6.22) we get
−KX · B = +2 , −KX · F = +2 , −KX · E = +1 . (6.24)
As discussed before the intersection number of the curves with the aniticanonical
class (the degree of the curve) determines the electric charges of the state coming
from M2-brane wrapping the curve and determines the relation between the loop
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variables and the Ka¨hler parameters. In this case we get12
Qb = u e
2ia , Qf = e
2ia , Q = u˜e−ia . (6.25)
The refined partition function of this geometry is given by
ZX(Qb, Qf , Q, t, q) =
(
M(t, q)M(q, t)
) 1
2
Z(Qb, Qf , t, q) (6.26)
Z(Qb, Qf , t, q) :=
∑
ν1 ν2
Q
|ν1|+|ν2|
b q
||νt2||2 t||ν
t
1||2Z˜ν1(t, q)Z˜ν2(q, t)Z˜νt1(q, t)Z˜νt2(t, q)×
∞∏
i,j=1
(
1−Qti− 12−νt1,jqj− 12
)(
1−QQf ti− 12−ν1,jqj− 12
)
(
1−Qf ti−1−ν2,jqj−ν1,i
)(
1−Qfqi−1−ν1,j tj−ν2,i
) .
Using the refined partition function and Eq.(6.25) the index of this geometry is given
by
IX(u, u˜, t, q) =
∫
da
∣∣∣ZX(u e2ia, e2ia, u˜eia, t, q)∣∣∣2 (6.27)
= 1 +
(
2 + u˜+
1
u˜
)
x2 +
(
3y +
3
y
+ u˜y +
u˜
y
+
1
y u˜
+
y
u˜
)
x3 + · · ·
This agrees with the result of [38].
A more detailed analysis can be carried out in this case to identify different
pieces of the gauge theoretic calculation and the topological string calculation. The
gauge theory calculation of [38] gives the index to be
I =
∫
da 2sin2(a)PE
[
fvec(a, x, y) + fmatter(a,m, x, y)
]
︸ ︷︷ ︸
perturbative contribution
∣∣∣Zinstanton(a, q,m, x, y)∣∣∣2︸ ︷︷ ︸
instanton contribution
.
In the previous example we have already shown that part of the above perturbative
contribution that depends on the Haar measure and fvec(a, x, y) comes from fiber
curve and the D0-brane contribution (the constant map configurations in the world-
sheet terms). The new contribution to the perturbative part here is the term that
12As before we have chosen the position of the external line of the web diagram such that tf 7→ 0
as a 7→ 0.
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depends on fmatter(a,m, x, y) where (x =
√
q
t , y =
√
q t)
fmatter(a, x, y,m) =
x
(1− xy)(1− xy )
(e−ia−im + eia−im + e−ia+im + eia+im) (6.28)
= − 1
(q
1
2 − q− 12 )(t 12 − t− 12 )
(e−ia−im + eia−im + e−ia+im + eia+im) .
It is easy to see that the contribution of this term to the perturbative part obtained
through the plethystic exponential is precisely equal to the contribution of the curve
E and F +E to the partition function and its complex conjugate. These are the only
holomorphic curves that do not involve the curve B (which would be the instanton
contribution). Since the curve E and F+E are locally both (−1,−1) curves therefore
they are rigid and have N jL,jRE = N
jL,jR
E+F = δjL,0δjR,0 and therefore from Eq.(4.7) the
contribution to the partition function from these curves is given by
Z˜(Q,Qf , t, q) =
∏
i,j
(
1−Qqi− 12 tj− 12
)(
1−QQfqi−
1
2 tj−
1
2
)
. (6.29)
From Eq.(6.28), the definition of the pleythestic exponential and the above equation
it follows that
PE[fmatter(a,m, x, y)] =
∞∏
i,j=1
(
1− e−ia−imℓqi− 12 tj− 12
)(
1− eia−imℓqi− 12 tj− 12
)
×(
1− e−ia+imℓqi− 12 tj− 12
)
×
(
1− eia+imℓqi− 12 tj− 12
)
= Z˜(Q,Qf , t, q)Z˜(Q
−1, Q−1f , t, q) =
∣∣∣Z˜(Q,Qf , t, q)∣∣∣2 ,
where
Q = e−ia−im , QQf = eia−im . (6.30)
6.4 Example 3: Local F1
Let us consider the CY threefold which is the total space of canonical bundle on
the Hirzebruch surface F1. F1 is a non-trivial P
1 bundle over P1, we will denote the
base P1 by B and the fiber P1 by F with corresponding Ka¨hler parameter tb and tf
respectively, such that B · B = −1. As usual we define Qb = e−tb and Qf = e−tf .
The Newton polygon and the web diagram of local F1 is shown in Fig. 8.
The refined partition function for this geometry was calculated in [49] and is given
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Qb
Qf
QbQf
Qf
Figure 8. The newton polygon (a) and the web diagram (b) of local F1. In this case
there are two distinct triangulations of the Newton polygon corresponding to two different
phases.
by (see Appendix A for notation and other details)
Zlocal F1(Qb, Qf , t, q) := (M(t, q)M(q, t)
1
2 Z(Qb, Qf , t, q) (6.31)
Z(Qb, Qf , t, q) =
∑
ν1,ν2
Q
|ν1|+|ν2|
b Q
|ν2|
f (−1)(|ν1|+|ν2|)
(q
t
) ||ν1||2+||ν2||2
2
t
κ(ν1)−κ(ν2)
2
q||ν
t
2||2 t||ν
t
1||2 Z˜ν1(t, q)Z˜νt1(q, t)Z˜ν2(q, t)Z˜νt2(t, q)×
∞∏
i,j=1
[
(1−Qf ti−ν2,jqj−1−ν1,i)(1−Qfqi−ν1,j tj−1−ν2,i)
]−1
The index for this geometry is therefore given by
Ilocal F1 =
∫
da
∣∣∣Zlocal F1(Qb, Qf , t, q)∣∣∣2 , (6.32)
where a is the loop variable corresponding to the only 4-cycle in the geometry. In
order to calculate the index we have to determine the dependence of the Ka¨hler
parameters tb and tf on the loop variable. It is easy to see from the general result
given in section 6 that
Qf = e
2ia (6.33)
The geometry of the web determines the relation between tf and tb. If we fix the
external legs of the web we can change the size of the 4-cycle by changing tf , if
we take tf = 0 then the web diagram is shown in Fig. 9 and the parameter h is
determined by the position of the external legs. The index will be a function of this
parameter h (along with x and y). The relation between the Qb and Qf can be easily
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determined from the web diagram and is given by
Qb = uQ
1
2
f (6.34)
tf
h
tb
tb = h +
tf
2
Qb = uQ
1
2
f
Figure 9.
Thus the index is given by
Ilocal F1 =
∫
da
∣∣∣Zlocal F1(u eia, e2ia, t, q)∣∣∣2 (6.35)
=
∫
1
2
dQf
2πiQf
∣∣∣Zlocal F1(uQ 12f , Qf , t, q)∣∣∣2 .
Using Eq.(6.31) and Eq.(6.35) we get
IlocalF1 = 1 + x
2 + 2
(
y +
1
y
)
x3 +
(
3 + 2y2 +
2
y2
)
x4 +
(
2y3 + 3y +
3
y
+
2
y3
)
x5 +(
u2 +
1
u2
+ 5 + 2y4 + 5y2 +
5
y2
+
2
y4
)
x6 +(
2y5 + 6y3 + u2y + 10y +
y
u2
+
u2
y
+
1
u2y
+
10
y
+
6
y3
+
2
y5
)
x7 + · · ·
6.4.1 The flop invariance of the index
Recall that the Newton polygon of the local F1 has two distinct triangulations. These
two triangulations correspond to two different geometries which are related with each
other by a flop transition. Here we will show that the index we have computed above
is invariant under the flop transition.
In Fig. 10 the two triangulations and the corresponding web diagrams are shown.
The the neighborhood of the base curve B of the local F1 is O(−1)⊕ O(−1) 7→ P1
which can undergo flop giving the resulting geometry which is local P2 together with
the flopped curve. We will denote by X the local F1 geometry and will denote by Y
the geometry obtained by flop from X .
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Qb
Qf
QbQf
Qf QH
QH
QH
Q
Figure 10.
The relation between the Ka¨hler parameters on the two sides of the flop is given by
QH = QbQf , Q = Q
−1
b . (6.36)
The refined partition function of Y can be determined from the partition function of
X by carefully following flop and is given by [51]
ZY (QH , Q, t, q) = Zlocal F1(Q
−1, QHQ, t, q) . (6.37)
In the corresponding web diagram Fig. 10(b) if we fix the external legs then the size
of the P1, which came from the flop, changes with the size of the P2 and the relation
between them, as shown in Fig. 11, is given by:
Q = uQ
− 1
3
H , u = e
−h , (6.38)
where h is the size of the flopped curve when tH = 0.
The index of Y is then given by
IY (u, t, q) :=
∫
da
∣∣∣ZY (QH , uQ− 13H , t, q)∣∣∣2 , (6.39)
where a is the loop variable corresponding to the 4-cycle P2. The relation between
the loop variable a and the Ka¨hler parameter tH is given by
tH = 3a . (6.40)
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t
t = h− tH
3
Q = uQ
−
1
3
H
Figure 11.
Eq.(6.39) becomes
IY (u, t, q) =
∫
dz
2πiz
∣∣∣ZY (z3, u z−1, t, q)∣∣∣2 . (6.41)
where z = eia. Using the relation between the partition function of Y and that of X
Eq.(6.37) then gives
IY (u, t, q) =
∫
dz
2πiz
∣∣∣ZX(u−1 z, u z2, t, q)∣∣∣2 . (6.42)
Changing the integration variable z 7→ z√
u
we get
IY (u, t, q) =
∫
dz
2πi z
∣∣∣ZX(u− 32 z, z2, t, q)∣∣∣2 , (6.43)
=
∫
da
∣∣∣ZX(u− 32 ei a, e2i a, t, q)∣∣∣2 .
Comparing the above with Eq.(6.35) we see that
IY (u, t, q) = IX(u
−2/3, t, q) (6.44)
6.5 Example 4: Local F2
The Hirzebruch surface F2 is also a P
1 bundle over P1. The total space of the
canonical bundle on F2 gives a local CY threefold. As before the Ka¨hler parameters
corresponding to the base B and the fiber F will be called tb and tf and we define
Qb := e
−tb and Qf := e−tf . The Newton polygon and the web diagram of local F2
is shown in Fig. 12.
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Qb
Qf
QbQf
Qf
Figure 12. The Newton polygon (a) and the web diagram (b) of local F2.
The refined partition function for this geometry is given by
Zlocal F2(Qb, Qf , t, q) = (M(t, q)M(q, t)
1
2 Z(Qb, Qf , t, q) (6.45)
Z(Qb, Qf , t, q) =
∑
ν1,ν2
Q
|ν1|+|ν2|
b Q
2|ν2|
f
(q
t
)||ν1||2+||ν2||2
tκ(ν1)−κ(ν2) q||ν
t
2||2 t||ν
t
1||2
Z˜ν1(t, q)Z˜νt1(q, t)Z˜ν2(q, t)Z˜νt2(t, q)×
∞∏
i,j=1
[
(1−Qf ti−ν2,jqj−1−ν1,i)(1−Qfqi−ν1,j tj−1−ν2,i)
]−1
The index is given by
Ilocal F2 =
∫
da
∣∣∣Zlocal F2(Qb, Qf , t, q)∣∣∣2 (6.46)
The relation between the loop variable a and the fiber parameter tf is the same as
before
tf = 2a . (6.47)
Just as before we fix the external legs of the web so that we have one parameter h
as shown in Fig. 13. The relation between the Qb and Qf in this case is given by
13
Qb = e
−h = u (6.48)
Thus the index becomes
IlocalF2 =
∫
da
∣∣∣Zlocal F2(u , e2ia , t , q)∣∣∣2 (6.49)
13In general for local Fm the relation is Qb = uQ
1−m
2
f .
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tf
h
tb
tb = h
Qb = u
Figure 13. In this case since the there are two parallel legs the area of the base curve
does not change with the area of the fiber curve.
Using Eq.(6.45) we get
Ilocal F2 = 1 + x
2 + 2
(
y +
1
y
)
x3 +
(
3 + 2y2 +
2
y2
)
x4 +(
2y3 + 3y +
3
y
+
2
y3
− (u+ 1
y
)(y +
1
y
)
)
x5(
2y4 + 5y2 +
5
y2
+
2
y4
+ 4− (u+ 1
u
)(3 + y2 +
1
y2
)
)
x6 +(
2y5 + 6y3 + 9y +
9
y
+
6
y3
+
2
y5
− (u+ 1
u
)(y3 + 3y +
3
y
+
1
y3
)
)
x7 + · · ·
6.6 Example 5: Local P2
The local P2 is the total space of O(−3) 7→ P2. As discussed in section 4 the refined
topological vertex alone can not be used to calculate its partition function since there
is no set of edges which cover the vertices and are parallel to each other. However,
some recent developments have made it possible to calculate the refined partition
function for any local toric CY3fold [51–53]. We use the form of the partition function
given in [51]. The web diagram of the local P2 is shown in Fig. 14.
λ
µ
ν
Figure 14. The web diagram of local P2.
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The refined partition function of local P2 is given by [51, 52]
Zlocal P2(Q, t, q) =
∑
λµ ν
(−Q)|λ|+|µ|+|ν| q 3||ν
t||2
2 t−
||ν||2
2 Z˜ν(q, t)Z˜νt(t, q)× (6.50)
sλ(q
−ρt−ν) sµ(q−ρt−ν)
(q
t
) |λ|−|µ|
2
Nηλ µRη ,
where
Rη =
∑
σ
Uη σ t
||σt||2
2 q−
||ν||2
2 Pσ(t
−ρ; q, t) .
Nηλ µ are the Littlewood-Richardson coefficients and Uησ is the matrix which takes
Macdonald polynomials to Schur polynomials, sη(x) =
∑
σ Uη σ Pσ(x; q, t). The
matrix elements Uη σ are rational functions of q and t, for example:
U(1) (1) = 1
U(2) (2) = 1 , U(2) (1 1) =
t− q
1− t q , U(1 1) (2) = 0 , U(1 1) (1 1) = 1 .
The above partition function can also be written as
Z(Q, t, q) =
∑
ν
(−Q)|ν|
[
q
3||νt||2
2 t−
||ν||2
2 Z˜ν(q, t)Z˜νt(t, q)
]
Zν(Q, t, q) , (6.51)
where
Zν(Q, t, q) =
∑
λµ η
(−Q)|λ|+|µ|sλ(q−ρ t−ν)sν(q−ρt−ν)
(q
t
) |λ|−|µ|
2
Nηλ µRη (6.52)
In Eq.(6.51) the factor in the square bracket has expansion in positive powers of q
and t−1 (i.e., positive powers of x) but the factor in the second line, Zν , has expan-
sion in positive powers of q−1 and t (i.e., negative powers of x). This is the generic
case for partition functions calculated using the refined topological vertex and can
be understood from Eq.(4.9). Since the variables x and y couple to the SU(2)R and
SU(2)L therefore as long as we have full (jL, jR) spin content negative power of x
can not be avoided. However, in certain special cases we can sum over a class of
curves and get a product representation of the a part of the partition function which
allows up to expand the partition function in positive powers of x at the expense of
introducing Q and Q−1 in the expansion. This is how the index as expansion inn
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positive powers of x was determined in the last three examples. Therefore what is
required here is some way of summing up the contribution from the curves labelled
by λ and µ in Fig. 14, Zν(Q, t, q), to obtain a product representation which can then
be expanded in positive powers of x.
The index is then given by
Ilocal P2 =
∫
da
∣∣∣Zlocal P2(Q, t, q)∣∣∣2 (6.53)
The relation between the loop variable and Q is the same as we derived in showing
the flop invariance of the index in Section 6.4.1,
Q = e3ia . (6.54)
Thus the index becomes
Ilocal P2 =
∫
da
∣∣∣Zlocal P2(e3ia, t, q)∣∣∣2 (6.55)
6.7 Example 6: Flop invariance of the index
Here we present another example which shows that the index is invariant under flop
transition. The web diagram of the geometry we will discuss is shown in Fig. 15. The
geometry consists of two 4-cyclesD1 andD2, both Hirzebruch surface F1, intersecting
along a P1 which is the base of the fibration for both divisors. In the neighbourhood
of the base curve the geometry looks like O(−1) ⊕ O(−1) 7→ P1 and therefore the
base curve can flopped as shown in Fig. 15.
Qb
QbQf1
Qf1
Qf1
Qf2Qf2
QbQf2
QH1
QH2
Q
QH1QH1
QH2
QH2
Figure 15.
We will call the geometry before the flop (the one with two F1 divisors) X and the
geometry after the flop (the one with two P2 divisors) Y . The relation between the
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Ka¨hler parameters of geometry X and Y is given by
QH1 = QbQf1 , QH2 = QbQf2 , Q = Q
−1
b . (6.56)
The relation between the partition functions follows from the above relation between
the Ka¨hler parameters,
ZY (QH1, QH2 , Q, t, q) = ZX(Q
−1, QH1Q ,QH2Q, t, q) (6.57)
The geometry X has two 4-cycles and hence two loop variables a1 and a2. As
discussed in section 5 the relation between the Ka¨hler parameters and the loop
variables can be determined using the intersection between curves and the 4-cycles
i.e., intersection of the curve and the anticanonical class of the 4-cycle. Let us denote
the 4-cycles in X by D1 and D2 then the anticanonical class is given by
−KD1 = 2B + 3F1 , −KD2 = 2B + 3F2 . (6.58)
. Then the charge vector of the curve C = nB = m1F1 +m2F2 is given by
~d = (−KD1 · C, −KD2 · C) = (n+ 2m1 −m1, n−m1 + 2m2) , (6.59)
where we have used the following intersection numbers in calculating Eq.(6.59)
B · B = −1 , B · F1 = +1 , B · F2 = +1 , F1 · F2 = −1 . (6.60)
Thus the Ka¨hler parameter corresponding to C in terms of the loop variables is given
by
QC = QC,0e
i~d·~a = ei(n+2m1−m2)a1+i(n−m1+2m2)a2 (6.61)
Thus for geometry X
Qf1 = e
i(2a1−a2) , Qf2 = e
i(2a2−a1) , Qb = u ei(a1+a2) (6.62)
In the case geometry Y the two 4-cycles will be denoted by P1 and P2 with
corresponding loop variables b1 and b2 respectively. Both these divisors are P
2 and
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the anticanonical class of these divisors is given by
−KP1 = 3H1 − E , −KP2 = 3H2 −E , (6.63)
where H1 is the hyperplane class of P1, H2 is the hyperplane class of P2 and E is the
curve connecting the two which comes from the flop of the curve B. The intersection
numbers of these curves are
H1 ·H1 = 1 , H2 ·H2 = 1 , H1 ·H2 = 0 , H1 · E = H2 · E = 0 . (6.64)
Using the above intersection numbers we can easily determine the charge vector of
the curve C = nH1 +mH2 − kE,
~d = (−KP1 · C,−KP2 · C) = (3n− k, 3m− k) , (6.65)
thus the Ka¨hler parameter of C scales with loop variables as
QC = QC,0 e
i~d·~b = QC,0ei(3n−k)b1+(3m−k)b2 . (6.66)
Thus for geometry Y
QH1 = e
3ib1 , QH2 = e
3ib2 , Q = QE = u˜ e
−i(b1+b2) (6.67)
Now that we have the relation between the Ka¨hler parameters and the loop variables
we can discuss the index of the two geometries. The index for geometry X and Y is
given by
IX(u, t, q) =
∫
da1da2
∣∣∣ZX(Qb, Qf1 , Qf2)∣∣∣2
=
∫
da1da2
∣∣∣ZX(uei(a1+a2), ei(2a1−a2), ei(2a2−a1))∣∣∣2
IY (u˜, t, q) =
∫
db1db2
∣∣∣ZY (QH1, QH2 , Q)∣∣∣2
=
∫
db1db2
∣∣∣ZY (e3ib1 , e3ib2 , u˜e−i(b1+b2))∣∣∣2 .
(6.68)
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Now using Eq.(6.57) we get
IY (u˜, t, q) =
∫
db1 db2
∣∣∣ZX(u˜−1 ei(b1+b2), u˜ei(2b1−b2) u˜ei(2b2−b1)∣∣∣2 (6.69)
=
∫
dz1
2πi z1
dz2
2πi z2
∣∣∣ZX(u˜−1z1z2, u˜z21 z−12 , u˜z22 z−11 ∣∣∣2
Let z1 7→ u˜−1 z1, z2 7→ u˜−1 z2 then we get
IY (u˜, t, q) =
∫
dz1
2πi z1
dz2
2πi z2
∣∣∣ZX(u˜−3z1z2, z21 z−12 , z22 z−11 ∣∣∣2 (6.70)
= IX(u˜
−3, t, q) .
Which proves the flop invariance of the index.
6.8 Computation of the index with 3d defects
As discussed in section 3 3D defects in the 5D theory can be engineered using La-
grangian branes. In this section we consider some examples in which there is a single
Lagrangian brane in the geometry.
6.8.1 Lagrangian brane on C3
Let us begin by considering the simplest of the brane configurations, a Lagrangian
brane on C3. The geometry is shown in Fig. 16 below.
α
Figure 16.
The partition function of the brane is given
ZBrane(Q,U, t, q) =
∑
α
(−Q)|α| TrαU sλt(q−ρ) , (6.71)
where U is the holonomy on the brane and −logQ is the area of the disk ending
on the brane. Since we are considering a single brane therefore U = eiθ and the
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sum over the partitions is restricted to partitions of type {(k) | k = 0, 1, 2, · · · }. The
partition function is then given by
ZBrane =
∞∑
k=0
(−QU)ks(k)(q−ρ) =
∞∑
k=0
(−QU)kqk/2
k∏
i=1
(1− qi)−1 (6.72)
=
∞∏
n=1
(
1−QU qn− 12
)
.
Define z = QU q−
1
2 . Then∣∣∣ZBrane∣∣∣2 = ∞∏
r=0
(1− z qr+1
1− z¯ qr
)
,
this is precisely the result given in [26] (Eq.(3.6)) if we take z = q
m
2 ζ for the gener-
alized index [33] where m is the monopole charge.
6.8.2 Lagrangian brane on local P1 × P1
Here we will consider a single Lagrangian brane on P1×P1. The brane configuration
is shown in Fig. 17 below.
(p, 1)
a
ξ−
ξ+
ξ± = ξ0 +
a
2
±
a p
2
ξ0
Figure 17. The geometry of Lagrangian brane on local P1 × P1.
In the limit a 7→ 0 the 4-cycle collapses to the curve B and the position of the
Lagrangian brane on the B is determined by ξ0. When we deform away from this
point there are two possibilities for the Lagrangian brane. Either it ends on the
upper horizontal line or the lower one as shown in Fig. 18. We will consider both
possibilities in calculating the index.
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ν2
αβ
ν1
ν2
αβ
(a) (b)
Q1Q2
Figure 18.
The partition function of the brane depends on (Q1, Qb, Qf ), which in turn
depend on the parameters of the geometry for a given fixed position of the external
legs, and the holonomy on the brane . For the brane attached to the lower horizontal
leg (see Fig. 18) The
Qb = uQf , Q1 = u e
ξ0 Q
p+1
2
f (6.73)
The partition function of the geometry when the Lagrangian brane is on the upper
horizontal leg is given by
ZpBrane(Q
′
1, Qb, Qf ) (6.74)
where
Qb = uQf (6.75)
Q′1 = e
−ξ0Q
p+1
2
f
To introduce a Lagrangian brane on one of the internal legs of this CY threefold
we generalize the unrefined formalism of [54]. Two new partitions α and β are
introduced to account for the new open strings. The open string partition function
is given by
ZBrane :=
∑
ν1 ν2
(−Qb)|ν1|+|ν2|(−Q1)|α|(−Q2)|β| (fν1⊗β(t, q))p−1 (fνt1⊗α(q, t))p fνt2(t, q)
Pν1⊗α(tρ; q, t)Pνt1⊗β(q
ρ; t, q)Pν2(q
ρ; t, q)Pνt2(t
ρ; q, t) TrαU TrβU
−1∏
i,j
[(
1−Qf t−i+1+ν2,j q−j+(ν1⊗α)1,i
)(
1−Qfq−i+1+(ν1⊗β
t)1,j t−j+ν2,i
)]−1
,
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where p is the framing of the brane. Since we are considering a single brane therefore
the sum over α and β is restricted to partitions of type {(n) |n = 0, 1, · · · }. It is
clear from Fig. 18 that
Q1Q2 = Qb . (6.76)
therefore
ZBrane :=
∑
ν1 ν2
(−Qb)|ν1|+|ν2|+|β|(−Q1)|α|−|β| (fν1⊗β(t, q))p−1 (fνt1⊗α(q, t))p fνt2(t, q)
Pν1⊗α(t
ρ; q, t)Pνt1⊗β(q
ρ; t, q)Pν2(q
ρ; t, q)Pνt2(t
ρ; q, t) TrαU TrβU
−1∏
i,j
[(
1−Qf t−i+1+ν2,j q−j+(ν1⊗α)1,i
)(
1−Qfq−i+1+(ν1⊗β
t)1,j t−j+ν2,i
)]−1
.
Taking into account contributions of order Qb and Q1 we get
ZpBrane(Q1, Qb, Qf ) = Z0
(
Z˜ −Qb
(
Z1 + Z2 + Z3
)
+ · · ·
)
. (6.77)
Where
Z0 =
[∏
i,j
[(
1−Qf ti qj−1
)(
1−Qfqi tj−1
)]−1]
(6.78)
Z˜ :=
∑
α
(
−Q1 U
)|α|
(fα(q, t))
p Pα(t
ρ; q, t)
∏
(i,j)∈α
(
1−Qf q−i tj
)−1
=
(
1 +
Q1UQ
−1
f q
p
2
+1 t−
p
2
− 3
2
(1− t−1)(1− q t−1Q−1f )
−
Q21U
2Q−2f q
p+3 t−2p−3
(1− t−1)(1− t q)(1− q t−1Q−1f )(1− q t−2Q−1f )
+ · · ·
)
,
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and
Z1 = −
q
t
(1− q)(1− t−1)(1− q t−1Qf ) ×∑
α
(−Q1U)|α| (fα(q, t))p Pα(tρ; q, t)
∏
i,j
1−Qf t−i+1q−j
1−Qf t−i+1q−j+(⊗α)i
=
q t−1
(1− q)(1− t−1)(1−Qf )(1− q t−1Qf )
[
1−
Q1U
q
p
2 t−
p+1
2
(1− t−1)(1−Qf )(1− q Qf )(1− t−1Qf )
−Q21 U2
qp+1t−2p
(1− t−1)(1− q t)(1−Qf )(1− t−1Qf )(1− q Qf )2(1− q2Qf ) + · · ·
]
Z2 =
1
(1− q)(1− t−1)(1−Qf ) ×∑
α
(−Q1U)|α| (fα(q, t))p Pα(tρ; q, t)
∏
i,j
1−Qf t−i+1q−j
1−Qf t−i+1+jq−j+αi
=
q t−1
(1− q)(1− t−1)(1−Qf )
[
−
Q−1f
(1− q t−1Q−1f )
−Q1U q
p
2
−1 t−
p−1
2
(1− t−1)(1−Qf )
−Q21 U2
qp t−2p+1
(1− t−1)(1− q t)(1−Qf )(1− q Qf ) + · · ·
]
Z3 = −
Q−11 U
−1
(√
t
q
)p−1√
q
(1− q)(1− qtQf )
∑
α
(−Q1U)|α| (fα(q, t))p Pα(tρ; q, t)
α∏
i=1
(1−Qfqα−i)−1(6.79)
= −
Q−11 U
−1
(√
t
q
)p−1√
q
(1− q)(1− qtQf )
[
1−Q1 U q
p
2 t−
p+1
2
(1−Qf ) −
Q21 U
2 q
p+1t−2p
(1− t−1)(1− q t)(1−Qf )(1− q Qf ) + · · ·
]
In the above equations Pα(x; q, t) are Macdonald polynomials and since α only takes
the values {(m) |m = 0, 1, · · · } we give below the explicit expression for P(m)(tρ; q, t)
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as a function of x and y which we will need later:
P(m)(t
ρ; q, t) = (−1)mtm/2qm(m−1)/2
m∏
j=1
(
1− t qm−j
)−1
(6.80)
= (−1)m−1 y
m2
2
−1 x
m2
2
+1−m
(1− x y−1)∏m−1j=1 (1− ym−j+1xm−j−1)
P(m)(q
ρ; t, q) = − x
1−m
2 y1−
m
2
(1− x y)∏m−1j=1 (1− xm−j−1yj−m−1)
The partition function of the geometry with Lagrangian brane has a closed string
factor which is the partition function of the geometry without the brane and an open
string factor,
ZBrane = Zclosed × Zopen (6.81)
In our case there are two different possibilities for the brane to end when the loop
variable is deformed. We denote the open string partition function of the brane on
the lower leg by Zopen and the open string partition function of the brane on the
upper leg by Z˜open. The two are related as follows:
Z˜open = Zopen(e
−ξ0Q
p+1
2
f U
−1, uQf , Qf ) , (6.82)
where the open string partition function of the brane on the lower leg is
Zopen(u e
ξ0 Q
p+1
2
f U, uQf , Qf ) .
The index of the defect theory is given by
Ip =
∫
1
2
dQf
2πiQf
dU
2πiU
∣∣∣Zopen Z˜open∣∣∣2 (6.83)
=
∫
1
2
dQf
2πiQf
dU
2πiU
∣∣∣Zopen(u eξ0 Q p+12f U, uQf , Qf )Zopen(e−ξ0Q p+12f U−1, uQf , Qf )∣∣∣2
where under complex conjugation
(e−ξ0, u, Qf , U) 7→ (e−ξ0, u−1, Q−1f , U−1) . (6.84)
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For p = 1 the above index up to order x2 is (v = eξ0)
Ip=1 =
[
1 +
x
u3 y
+
( 2
u3
+
4
u2
− 1
u v2
− v
2
u
+
1
u6 y2
+
4
u3 y2
− 10y
2
u4 (1− y2)2 −
12
u5 (1− y2) −
2
u (1− y2) +
2y2
u (1− y2)
)
x2 + · · ·
]
To compute the index in monopole sector m we simply substitute v = xm/2
7 Conclusion
We have seen in this paper that the BPS states which arise in the IR flow of supercon-
formal theories upon deformations, are a powerful tool in computing superconformal
indices at the conformal point. This is particularly so in d = 3, 5, where we have
proposed how one may recover the full index in terms of the BPS partition functions.
Even though we have not given a full derivation of the proposal we have checked that
it works in all the known examples. It should be possible14 to derive these results
by compactifying M-theory on toric 3-folds times S1 × S4 and applying localization
ideas to the full string theory similar to the derivation of OSV conjecture in [57].
It is natural to ask whether we can compute the partition function of supersym-
metric theories on S5 and S3 using BPS data. Indeed there is a natural proposal for
this [58], which shows how this may be done using topological strings. Moreover this
can also be used to formulate the index of (1, 0) and (2, 0) theories on S1 × S5. We
thus see that BPS states, as captured by topological strings, are powerful enough to
capture the partition function and the superconformal index of a large number of
theories in diverse dimensions.
Our work gives further motivation for a reformulation of supersymmetric theories
entirely in terms of their BPS data in the IR, in diverse dimensions with varying
amounts of supersymmetry. It would be very important to see if one can fully
reconstruct the superconformal theories solely from their BPS data.
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